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Abstract.

Let A be an integer matrix of size
(d,n) withrank(A) = d, and let D(R 4)
be the ring of differential operators on
the affine toric variety defined by A.

We show that the classification of A-
hypergeometric systems and that of
Z A-graded simple D (R 4)-modules are
the same.

We also give conditions for the alge-
bra D(R4) being simple.
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e Differential operators.

Let
R : a C-algebra, commutative,

M, N : (left) R-modules.

Define inductively
© @)

D(M,N): = | | D*(Mm, N)
C Homg(M, N)

by
DY(M, N) := Hompg(M, N),

DM, N) := {f € Homc(M, N)
:rf — fr € D(M, N) (Vr € R)}.

Then

D(M) := D(M,M) C End¢c(M)
is a C-algebra, and D(M, N) is a
(D(IN), D(M))-bimodule.



e Affine semigroup algebra.

Let
A = (a'laa'Zv = o 7a’n) € MdX’n(Z)

NA := Naqy+ Nas + ---Nan.

Assume ZA = Z9,

Then R4 = R/I4, where

R:: C[m] = C[wl,... ,.’Bn],
Iy :=
<£Bu—£Bv:A’u:A'U (uvaNn)>
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o D(C[tT!,...t31)).

C<t:|:17 8t>
= Ct:, ... t>(Bpys- -+ ,Ot,)
1 1
= D(C[tT!,...t31)).

Weight decomposition:

C{tFl, ) = P Ct=', dn),
bczd
C<t:|:19 8t>b
= {P € C({tT,8y) : [s;, P] = b;P (Vi)}
= t°Cs].

Here

s; :=1t;0¢, C|[s]:=C[s1,...,54]



e D(Ry,).
D(R4)
= {P € C{t¥1,8;) : P(R4) C Ry}
Weight decomposition:

D(R4) = €D D(Ra)s,

Y=YAL
where

D(R4)p = D(R4) N C{tTL, 8y)y.

See s1,...,84 € D(R4).
(s;.t? = b;t?. Hence s;(R4) C R4.)

Hence

D(Rx)o = C[s] = C(tT1, 8y)o.
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e Category O.

O is a full subcategory of the cate-
gory of left D(R 4)-modules.

MeO
def.
< M = EBc«EC’d Ma,
a={x e M : s;.x = a;x (Vi)}.

Each M, is finite-dimensional.
For a € C’d, define
M(a) : = D(R4)/D(Ra)(s — a)

d
: = D(Ry)/ ZD(RA)<3i — ;).
Then =

M(a) = @)\Ea+sz(a))\v
M(a) € O.
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Proposition ([Musson-Van den Bergh)).

(1) Homp g ,)(M (), M) = Mq
(VM € O).
(2) M (o) is a projective object in O.

(3) M () has a unique simple quo-
tient (denoted by L(«)).

(4) All simple objects in O are of the
form L(x).

(5) M(a) — L(«) is the projective
cover.

(6) M(a) ~ M(B) < L(a) ~ L(B).

Proof. (1)
Hompg,)(M(a), M) > f
— f(1) € M.

(2) Homp g, )(M(a),e) is exact by

(1).
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(3) Since M(a)q = C|s]/(s — a),
we have dimg M (a)q = 1.

Hence a submod. L C M («) is proper

Hence ) rcmp(a), La=0TL
is the biggest submod. of M (). (5).

L(a) = M(a)/ > L.

LCM(a), La=0

(4) Let L be simple in O.

Then da s.t. Lo # 0.

Then 3f : M(a) — L by (1).
Since L is simple, f is surjective.

Hence L = L(«) by def.

(3) and (5) imply (6).



e Right modules.

RO is a full subcategory of the cate-
gory of right D(R 4)-modules.

M e Eo
def.
< M= @aecd Ma,
My ={x € M :x.5; = —a;x (Vi)}.

Each M, is finite-dimensional.
For a € C?%, define

M (a) := D(R4)/(s — a)D(R4).
Then

M (a) = Drc—atzd
Bp(a) € RO

RM(a))\v
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Proposition (¥{Musson-Van den Bergh]).

(1) Homp (g ("M (a), M) = M_,
(VM € Ro).
(2) EM () is a proj. object in O.

(3) M (a) has a unique simple quo-
tient (denoted by L (a)).

(4) All simple objects in 2O are of the
form ®L(a).

(5) M (a) — RL(a) is the projective
cover.

(6) EM(a) ~ HM(B)
o Br(a) ~ BL(B).
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For M € O (RO), set

M* := P M3,
A
where My = Homc(M_y, C).

Then M* € RO (0), * is a duality
functor.

Proposition.

(1) Homp g ) (M, M (a)*)
= Homgp (Mg, C).

(2) EM(a)* is an inj. object in O.

(3) M (a)* has the unique simple sub-
object BL(a)* in O.

(4) L(a) ~ BL(a)*.
(5) BL(a)* — EM(a)* is the inj. hull.
(6) L(a) ~ L(B) iff BL(a) ~ BL(P).
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e Functors.

R =Clx1,... o] — R4 = R/14.
D(R) =C{x1y... yTpyO15... ,0n)
:the n-th Weyl algebra.

D(R,R,) = D(R)/IAD(R)
isa (D(R4), D(R))-bimodule.

We define functors

® : ModR(D(R4)) — Modf (D(R))
and

¥ : ModZ, (D(R)) — Modf(D(R,))
by

(M) :=M ®D(RY) D(R,R4),

P(N) := HomD(R) (D(R,R4), N).
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® is the direct image functor, for right
D-modules, of the closed inclusion

V(I — C".

We may think D(R4) € D(R, R4):

t% = .

J
n
S; — Z az'jej.
j=1

1 U795 a; = t(alj,.. . ,a,dj).
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o A-HGS.

H (o)
:= D(R)/D(R)IA(0)+D(R)(A8—q).
Here
I4(0) : the toricideal in C[81,... ,On].
D(R)(A0 — o)

=%, D(R) > i=1(a;i0; — ).

¢ : the anti-auto. of D(R)
interchanging x; and 9; (Vj).

¢ interchanges left /right D(R)-modules.

R (o) := o(H(a))
= D(R)/IAsD(R) + (A0 — o) D(R).

Note ¢(x;0;) = t(9;)t(xj) = x;0;.



®(EM(a)) = M(a) ® D(R, R4)

= D(R4)/(s —a)D(R,4)
Rp(ry)DP(R)/I4D(R)

= B (o).

Theorem.

T.F.A.E.

(1) M(a) =~ M(B).
(2) L(a) =~ L(B).

(3) *L(a) ~ "L(B).
(4) BM () = M (B).
(5) "*H (cr) =~ H(B).
(6) H(c) ~ H(B)-

(7) a ~ B.



e Sketch of (5) = (4).

First show
Endpg)("H (o)) = Cid.

So
dim Homp gy ("H(a), "H(3)) = 1.

Then
D(R)g_q — Homp gy ("H(a), "H(B)).

Hence

~ Hompg)(EM (), BM(B)).
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e Primitive i1ideals.

Theorem.

{Ann L(a) : a € C%} s finite.

Proposition.

D(R,) is simple
< AnnL(a) =0 (Vo).

Proposition.

Ann L(a) = 0 < ZC([a]) = C?
([M-VdB| under the S2 condition).

Here [ is the equivalence class of «
w.r.t. ~.



18

e R~ (), extreme classes.

Set
Fi (o)
:= {o : facet, Fs(a) € F5(INA)},
F_(x)
:= {o : facet, Fs(a) € Z \ F5(INA)},
and
R>o(a)

:={y € R?: Fy(y) > 0 (Vo € Fi(a))
Fy(v) <0(Vo € F_(a))}-

a: extreme

def. .
& For every T, Er(a) is 0 or has as

many elements as possible.
(i.e., [Q(ANT)NZY : Z(ANT)]-many.)
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(1 11111]
A=1023023]|.
000111

Fy14(5) = 52, Foye(s) = 351 — s2,

Foi55(8) = 83, Foys6(s) = s1 — 83,
NA = {a € R>gANZ" : Fy ,(a) # 1}.
Let o« :=1%0,1,0). Then

Fi ={0123,0456}, F- = {014,036}
Since Fg,, + Foss = 3(Foi93 + Foysg)s

Ro(a) = 0.
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Example.

012
A = [1 1 O] — [a'lvaZaa'S]'

Then
[Q(ANo3)NZ%: Z(ANo3)] = 2,

where o3 = R>gas.

Eq3(0) = {0} # *(1,0).

Hence 0 1s not extreme.

Theorem.

« is extreme and R~g(a) # 0
& 7ZC([a]) = C?
< Ann L(a) = 0.
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Theorem.

N A: scored

D(R,): simple & {R>0(04) %+ 0 (Var).

Remark.

Need to check R~ () # 0 for finitely
many o, since there exist only finitely

many primitive ideals.

This talk is based on the paper
math.RA /0505667



