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Abstract.

Let A be an integer matrix of size
(d, n) with rank(A) = d, and let D(RA)
be the ring of differential operators on
the affine toric variety defined by A.
We show that the classification of A-

hypergeometric systems and that of
ZA-graded simple D(RA)-modules are
the same.
We also give conditions for the alge-

bra D(RA) being simple.
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• Differential operators.

Let
R : a C-algebra, commutative,

M, N : (left) R-modules.

Define inductively

D(M, N) : =
∞∪

k=0

Dk(M, N)

⊆ HomC(M, N)

by
D0(M, N) := HomR(M, N),

Dk+1(M, N) := {f ∈ HomC(M, N)

: rf − fr ∈ Dk(M, N) (∀r ∈ R)}.

Then

D(M) := D(M, M) ⊆ EndC(M)

is a C-algebra, and D(M, N) is a

(D(N), D(M))-bimodule.
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• Affine semigroup algebra.

Let

A = (a1, a2, . . . , an) ∈ Md×n(Z).

NA := Na1 + Na2 + · · · Nan.

Assume ZA = Zd.

RA : = C[NA] =
⊕

a∈NA

Cta

⊆ C[t±1
1 , . . . t±1

d ] = C[ZA].

Then RA = R/IA, where

R := C[x] := C[x1, . . . , xn],

IA :=

〈xu − xv : Au = Av (u, v ∈ Nn)〉.
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• D(C[t±1
1 , . . . t±1

d ]).

C〈t±1, ∂t〉

:= C[t±1
1 , . . . t±1

d ]〈∂t1, . . . , ∂td〉

= D(C[t±1
1 , . . . t±1

d ]).

Weight decomposition:

C〈t±1, ∂t〉 =
⊕

b∈Zd

C〈t±1, ∂t〉b,

C〈t±1, ∂t〉b

= {P ∈ C〈t±1, ∂t〉 : [si, P ] = biP (∀i)}
= tbC[s].

Here

si := ti∂ti, C[s] := C[s1, . . . , sd].



5

• D(RA).

D(RA)

= {P ∈ C〈t±1, ∂t〉 : P (RA) ⊆ RA}.

Weight decomposition:

D(RA) =
⊕

b∈Zd

D(RA)b,

where

D(RA)b = D(RA) ∩ C〈t±1, ∂t〉b.

See s1, . . . , sd ∈ D(RA).

(si.t
b = bit

b. Hence si(RA) ⊆ RA.)

Hence

D(RA)0 = C[s] = C〈t±1, ∂t〉0.
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• Category O.

O is a full subcategory of the cate-
gory of left D(RA)-modules.

M ∈ O
def .⇔ M =

⊕
α∈Cd Mα,

Mα = {x ∈ M : si.x = αix (∀i)}.

Each Mα is finite-dimensional.

For α ∈ Cd, define

M(α) : = D(RA)/D(RA)〈s − α〉

: = D(RA)/
d∑

i=1

D(RA)〈si − αi〉.

Then

M(α) =
⊕

λ∈α+Zd M(α)λ,

M(α) ∈ O.
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Proposition ([Musson-Van den Bergh]).

(1) HomD(RA)(M(α), M) = Mα

(∀M ∈ O).

(2) M(α) is a projective object in O.

(3) M(α) has a unique simple quo-
tient (denoted by L(α)).

(4) All simple objects in O are of the
form L(α).

(5) M(α) → L(α) is the projective
cover.

(6) M(α) ' M(β) ⇔ L(α) ' L(β).

Proof. (1)
HomD(RA)(M(α), M) 3 f

7→ f(1̄) ∈ Mα.

(2) HomD(RA)(M(α), •) is exact by

(1).
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(3) Since M(α)α = C[s]/(s − α),

we have dimC M(α)α = 1.

Hence a submod. L ⊆ M(α) is proper
iff ⇔ Lα = 0.

Hence
∑

L⊆M(α), Lα=0 L

is the biggest submod. of M(α). (5).

L(α) = M(α)/
∑

L⊆M(α), Lα=0

L.

(4) Let L be simple in O.

Then ∃α s.t. Lα 6= 0.

Then ∃f : M(α) → L by (1).

Since L is simple, f is surjective.

Hence L = L(α) by def.

(3) and (5) imply (6).
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• Right modules.

RO is a full subcategory of the cate-
gory of right D(RA)-modules.

M ∈ RO
def .⇔ M =

⊕
α∈Cd Mα,

Mα = {x ∈ M : x.si = −αix (∀i)}.

Each Mα is finite-dimensional.

For α ∈ Cd, define

RM(α) := D(RA)/〈s − α〉D(RA).

Then

RM(α) =
⊕

λ∈−α+Zd
RM(α)λ,

RM(α) ∈ RO.
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Proposition (R[Musson-Van den Bergh]).

(1) HomD(RA)(
RM(α), M) = M−α

(∀M ∈ RO).

(2) RM(α) is a proj. object in RO.

(3) RM(α) has a unique simple quo-
tient (denoted by RL(α)).

(4) All simple objects in RO are of the
form RL(α).

(5) RM(α) → RL(α) is the projective
cover.

(6) RM(α) ' RM(β)
⇔ RL(α) ' RL(β).
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For M ∈ O (RO), set

M∗ :=
⊕
λ

M∗
λ,

where M∗
λ = HomC(M−λ, C).

Then M∗ ∈ RO (O), ∗ is a duality
functor.

Proposition.

(1) HomD(RA)(M, RM(α)∗)
= HomC(Mα, C).

(2) RM(α)∗ is an inj. object in O.

(3) RM(α)∗ has the unique simple sub-
object RL(α)∗ in O.

(4) L(α) ' RL(α)∗.

(5) RL(α)∗ → RM(α)∗ is the inj. hull.

(6) L(α) ' L(β) iff RL(α) ' RL(β).
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• Functors.

R = C[x1, . . . , xn] → RA = R/IA.

D(R) = C〈x1, . . . , xn, ∂1, . . . , ∂n〉
:the n-th Weyl algebra.

D(R, RA) = D(R)/IAD(R)
is a (D(RA), D(R))-bimodule.

We define functors

Φ : ModR(D(RA)) → ModR
IA

(D(R))

and

Ψ : ModR
IA

(D(R)) → ModR(D(RA))

by

Φ(M) := M ⊗D(RA) D(R, RA),

Ψ(N) := HomD(R)(D(R, RA), N).
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Φ is the direct image functor, for right
D-modules, of the closed inclusion

V (IA) → Cn.

We may think D(RA) ⊆ D(R, RA):

taj = xj

si =
n∑

j=1

aijθj.

Here

θj = xj∂j, aj = t(a1j, . . . , adj).
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• A-HGS.

H(α)
:= D(R)/D(R)IA(∂)+D(R)〈Aθ−α〉.

Here

IA(∂) : the toric ideal in C[∂1, . . . , ∂n].

D(R)〈Aθ − α〉
=

∑d
i=1 D(R)

∑n
j=1(aijθj − αi).

ι : the anti-auto. of D(R)
interchanging xj and ∂j (∀j).

ι interchanges left/right D(R)-modules.

RH(α) := ι(H(α))
= D(R)/IAD(R) + 〈Aθ − α〉D(R).

Note ι(xj∂j) = ι(∂j)ι(xj) = xj∂j.
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Φ(RM(α)) = M(α) ⊗ D(R, RA)

= D(RA)/〈s − α〉D(RA)
⊗D(RA)D(R)/IAD(R)

= RH(α).

Theorem.

T.F.A.E.

(1) M(α) ' M(β).

(2) L(α) ' L(β).

(3) RL(α) ' RL(β).

(4) RM(α) ' RM(β).

(5) RH(α) ' RH(β).

(6) H(α) ' H(β).

(7) α ∼ β.
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• Sketch of (5) ⇒ (4).

First show

EndD(R)(
RH(α)) = Cid.

So

dim HomD(R)(
RH(α), RH(β)) = 1.

Then

D(R)β−α ³ HomD(R)(
RH(α), RH(β)).

Hence

HomD(R)(
RH(α), RH(β))

' HomD(R)(
RM(α), RM(β)).
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• Primitive ideals.

Theorem.

{Ann L(α) : α ∈ Cd} is finite.

Proposition.

D(RA) is simple

⇔ Ann L(α) = 0 (∀α).

Proposition.

Ann L(α) = 0 ⇔ ZC([α]) = Cd

([M-VdB] under the S2 condition).

Here [α] is the equivalence class of α
w.r.t. ∼.
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• R>0(α), extreme classes.

Set

F+(α)

:= {σ : facet, Fσ(α) ∈ Fσ(NA)},

F−(α)

:= {σ : facet, Fσ(α) ∈ Z \ Fσ(NA)},

and

R>0(α)

:= {γ ∈ Rd : Fσ(γ) > 0 (∀σ ∈ F+(α))

Fσ(γ) < 0 (∀σ ∈ F−(α))}.

α: extreme
def .⇔ For every τ , Eτ (α) is ∅ or has as
many elements as possible.
(i.e., [Q(A∩τ )∩Zd : Z(A∩τ )]-many.)
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Example.

A =

1 1 1 1 1 1
0 2 3 0 2 3
0 0 0 1 1 1

 .

Fσ14(s) = s2, Fσ36(s) = 3s1 − s2,

Fσ123(s) = s3, Fσ456(s) = s1 − s3,

NA = {a ∈ R≥0A∩Z3 : Fσ14(a) 6= 1}.

Let α := t(0, 1, 0). Then

F+ = {σ123, σ456}, F− = {σ14, σ36}.

Since Fσ14 + Fσ36 = 3(Fσ123 + Fσ456),

R>0(α) = ∅.
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Example.

A =

[
0 1 2
1 1 0

]
= [a1, a2, a3].

Then
[Q(A ∩ σ3) ∩ Z2 : Z(A ∩ σ3)] = 2,

where σ3 = R≥0a3.

Eσ3(0) = {0} 63 t(1, 0).

Hence 0 is not extreme.

Theorem.

α is extreme and R>0(α) 6= ∅
⇔ ZC([α]) = Cd

⇔ Ann L(α) = 0.
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Theorem.

D(RA): simple ⇔
{

NA: scored
R>0(α) 6= ∅ (∀α).

Remark.

Need to check R>0(α) 6= ∅ for finitely

many α, since there exist only finitely

many primitive ideals.

This talk is based on the paper
math.RA/0505667


