Mutsumi Saito
July 11, 05
Introduction to A-hypergeometric
systems

Using Gauss’s hypergeometric equa-
tion, I explain how its corresponding
A-hypergeometric system is constructed.
This is mainly based on the papers:

Miller: Lie theory and generalizations
of hypergeometric functions, SIAM J.
Appl. Math. 25 (1973) 226-235.

Hrabowski: Multiple hypergeomet-
ric functions and simple Lie algebras
SL and Sp, SIAM J. Math. Anal. 16
(1985) 876—886.

Some fundamental results are also given.
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e (Gauss’s hypergeometric function

F(a,B,v;:2z) = » (@) (8)k

' 9

where ~ & ZSO»

(@) = F%G(Z)k) =a(a+1)---(a+k—1).




e Obvious Contiguity Relations

(1)(0z + o) F(a, B, 7; 2)
= aF(a+1,8,7;2),
(2)(0z + B)F (o, B,7; 2)
— BF(QMB + 19752)9
(3)(0z +v — 1)F(a, B,7; 2)
— (7 _ 1)F(a9/377 _ 1;Z)9
d
(4)d_F(a7/39 s z)
<
af

:7F(a—|—1,,8—|—1,’)’—|—1;2)-

_ . d
where 6, = Z1.

Proof.
(02 + &) ((@)2z") = (k + o) () 2"
= a(a + 1)g2".
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e Shift of Parameter Vector

0

(1) alz(), (2) azz(l),
0
1

(3) a3=( ) (4) a4=(1),
—1 1

See a1 + a2 = ag + ag4.

o O -

o O

e Gauss’s Hypergeometric Equation

d
(92 =+ V)EF(aa /89 s z)
= afF(a+1,8+1,7;2),
(02 + )0 + B)F(a, B,7; 2)
=afBF(a+1,8+1,v;2).

So F(a, 3,~; z) satisfies
d
(62 + ) — (62 + )(6z + B)]¢ = 0.
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e Make the contiguity operators parameter-
free vector fields.

Introduce new variables uq, ug, u~ cor-
responding to the parameter «, 3, ~.

Consider
F(av By Uay Ugy Uy, Z)
= uSuu) " 1F(a, B, 7; 2)

3%y
Then
ua(0z + 0a) F (v, B, 7; ua; UGy Uy, z)
= ua(0: + Ha)ugugUZ_lF(a, Bs7; z)

= uaugugug_l(ﬁz + a)F(a, B,7; 2)

— ug—kluguz_laF(a +1,8,7; 2)

— aﬁ’(a + 1, 8,7; Ua, Ug, Uy, Z).
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e Contiguity Relations for F

(5) ua(0z + Ha)l? = af’(a + 1),

(6) ug(0z + 65)F = BF(B + 1),

(Mul (02 + 04)F = (v = 1)F(y — 1),
(8)

af -

Z—F((X—I—].,,B—I-].,’Y—Fl).

These four operators commute with
one another.

0

— a/BF(a + 1,6+ 1)7

Ua(ez

Ha) . /U;B(HZ

05)F

= afBF(a+1,8+1).



Hence

s,
0z

—ua (0 + 0a) - ug(6: + 65)|F = 0.

Clearly ﬁ’(a, Bs¥; uaug, u~, z) also sat-
isfies

) Haﬁ — Otﬁ,
(10) H,BF = ,BF,
1) 0,F = (v — 1)F.
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e Change of Variables

(Uas Ugy U, z) — (1,2, T3, x4)

so that the contiguity operators in (5)-
(8) are transformed into

0, ", ", ",
3:131’ 6:132’ 6:133’ 3:134.

Explicitly put



Then

9, (0. + 0,) o
— = U . -
3:131 aE . 8:132

0 1
ozs 7 (0= + 05),

and

0(1 — _01 — 647
95 = —09 — 04,
97 = 03 — 04.



Hence ﬁ’(a,ﬁ,’y;ml,wg,azg,w4) satis-
fies

(01 + 604+ )® =0,
(02 + 04+ B)® = 0,

(—03+04+~—1)® =0,
o 0 o 0o
)® = 0.

6:131 6:132 B 8:133 8:134

This is the A-hypergeometric system
with parameter vector t(—a, —03,1 —
~), where

10 0 1
A=101 0 1] = (ay1,a2,a3,a4).
00 —-11

% is a contiguity operator shifting

parameter by —a;.



e General Hypergeometric Series

Let o € C571,

A — (al,az,- ° o 9a’l) — (az])
€ Mat ;1 4)x1(Z)-

fla; z)

=1 (QZ)Z] L @iim P

meN j=1As+ijzMm

11

I H: 1(as—|—z)z m! .
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e Obvious Contiguity Relations
For 1 < p < s,

[
apf(a+lp; z) = (ap+ )  apif.)f(a;2).
=1

For s+1< p<s+t,

(ap — 1) f(a — 1p; 2)

l
= (ap — 1 + Z ap;0z;) f(a; z).
j=1

For 1 < p <,

(’9_zpf(a; z)

S
= —5 —f(a + ap; 2).
rz:8+1(a2)a’2p
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Introduce new variables vy, ... ,ugsyy,
and let

fos z, U)
(8" st —1
—f(a,z)(Hu AT w -
1=s-+1

Change the variables:

= —u;' (1<p<s)

Up (s+1<p<s+1t)
s+t

_a,
Tsttt+p = H u, Tzp (1<p<).

8
3
|
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Then f = f(a;x) satisfies

l
(Bp+ ) apjfsitrj+op)f =0

j=1
(p=1,...8s)
l
(6p — D apifsitrj— (ap—1))f =0
j=1

i (p=s+1,...s+ 1)
(0" —-0%)f =0
(u,v € NSTEHL - g = Av),

where

A — (117 coe 9 lsy _1S—|—17 ooy —1lgtt, A)
€ Matgtsyt11(2)

This is the A-hypergeometric system
with parameter

(—a1yee. y—ag, 00541 —1, .00 yagrg—1).
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f: non-confluent

<>

For each variable z;, the degrees of
m; in the numerators and in the de-
nominators are equal.

<>

L s+t
=1 Qij = D11 @ij + 1
for all j =1,....,L.

Gauss’s case: s = 2, t =1,1 = 1,
A=1%1,1,1).
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e Definition of A-Hypergeometric Sys-
tems.

A:=(a1,a2,... yap) = (aij)

Assume rank(A) = d.
Igp:= (0Y—0Y|Au = Av (u,v € N™)).

.D c— C<$1,ooo ,wn,al,... ,8n>.

H (o)

d n
= D/(DI4 + Z D(Z a;j0; — a;))
i=1 j=1

is the A-hypergeometric system with

parameter o = (ag,... ,aq) € ce.
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e Holonomicity and Regularity

Theorem. [GKZ], [Adolphson]|, [GGP]

H 4() is holonomic.

A is said to be homogeneous if all a;
lie on one hyperplane off the origin.

Theorem. [Hotta]

If A is homogeneous, then H 4(«a) is
regular holonomic.

Theorem. [SST]

If A is not homogeneous, then H 4 («)
is not regular for generic a.
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Trios.

|GKZ]|: Gelfand, Kapranov, Zelevin-
sky:.
|GGP]: Gelfand, Graev, Postnikov.

[SST|: Saito, Sturmfels, Takayama.



July 12, 05
e Indicial systems

How to find exponents is given.

e Weight.
D := C{(x, 9), the n-th Wey]l algebra.
Let w = (wy,... ,wp) € R™.

Consider a weight vector (—w, w):
weight of x; = —wj,
weight of 0; = wj.
Then gr(_w,w)D =D,

for in(_y, ) (€05) = IN(_y ) (1),

hence 9jx; = x;0; + 1 in gr(_,, ., D.
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e Initial ideals.

For a left ideal J of D, define

in(—’w,w)J = D°{in(—’w,’w)P : P € J}

Here

in(_ gy ) P 1= Z ag, 5:1;0‘85,

w - (8 — a) = max.
when P = ) a, 5:130‘86.
Then
IN(_yp,qp)J 1s a left ideal of D = gr(_,, ,,,)D,

called the initial ideal of J.




Example. (n =1, D = (z,diz))

P=(0+7)4— (0+a)0+0).
J = DP.

w=1 (z--+—1,%...1)
Then

in_y )P =(0+ v) 4,

. _ d
in_q1)J = D0+ 7)g;-
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e Indicial ideals.

R pop— C(w]_,. o o ,wn)<81,. oo ,8n>.

Cl] := C[01,... ,0p].

For a left ideal I of D, define

~

I := RI N C|0O]: the distraction of I.

For a left ideal J of D, define

ind,J : in(_w,w)J

(Rin(_y )Jd) N C[6),

called the indicial ideal of J.

Call aroot of ind.,J an exponent w.r.t.
w.
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Example. (n =1, D = (z,diz))

J=D(0+7)L—(6+a)(0+0)).

in_; 1yJ =D(0+7)5.

, d
Rln(_l’l)J — R(H —I- ’7)@
= R0+~ —1)6.

— N —

in(—l,l)J
(0 +~—-1)68) C C[6].

indqyJ

Exponents of J w.r.t. 1
= Roots of (0 +~+—1)0 =0
= {0, —v + 1}.
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Assume A to be homogeneous (today
and tomorrow).

Theorem 2-1.
a € CY: any, fixed.

w € R™: generic.

nec. when taking an intersection with C|0]

Then
rank(H 4(a)) = rank(indyH 4(@)).

HA(a) = DI, + D(AH — a)

D(A6 — a) = i, D(X]_, aij0; — ).

rank(H s(a)) is a dim. of solution space at a generic
point.

rank(ind, H4(a)) := dime C[0]/ind, Ha ().

So we want to find exponents.
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e Fake indicial ideals.

Clearly,

D ingyloa+D(AO0—a) C in_y, ) HAa(o).

Hence define an ideal of C|[0]

findyHp(a) : = Dinglgq + (A0 — «)

called the fake indicial ideal of H 4 ().

(If « is generic, the equality holds.)

Its roots are called fake exponents.

Try to find fake exponents instead of
exponents. To do this, we want to

know D ing 1 4.
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e Standard pairs.

M: a monomial ideal of

C|0] := C|01,... ,0n].
(e.g. M = inyl,, w: generic.)

Identify M with
{ae N":0°€ M} =: M.
For a € N", 0 C {1,2,... ,n},

(a, o) is a standard pair of M if

(1) a;=0 (Vje€o),
(2) (a+N%)NM =0,
3) (a+NUHNM #£0 (VI ¢ o),

where

N ={ue N":u; =0(Vj € o)}



S(M) := {standard pairs of M }.

Then
N"\ M = )  (a+N9).
(a,0)€S(M)
Example.

M = (8792,0103) C C|81, 02].

Then

S(M) = {(0,{1}),(0,{2}), ((1,1),0)}
= {(0, %), (*,0),(1,1)}.

(Put a; at the j-th place if j ¢ o,

and * if 3 € o.)



By considering the Hilbert function,
easy to see

= max{ffo : (a,0) € S(M)}
and
deg(C[]/M) = 4T (M),

where

T(M)
= {(a,0) € S(M) : o = dim C[3]|/M }.
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Theorem 2-2.

Let M be a monomial ideal of C|d].
Then

DM = ﬂ (0; —aj:j & o).
(a,0)€S(M)

Example. n =1, M = (0"™). Then
S(M) = {(0,0),... ,(m—1,0)}.
RM = Rx™ 0™, and

DM = ((6 —1)---(6 —m +1))
= ()N (O —1)N
- N {0 — (m — 1)).
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Back to our case.

For M = inyI 4 (w: generic),

max{flo : (a,0) € S(inwly)}
= dim C'[9]/iny I 4
=dim C|0]/I4 = d.

7 (inywlg)
= deg C[0]/iny I 4
= deg C|0]|/I4 = vol(A).

(vol({(0, €1, ... ,eq)) = 1.)

Theorem 2-3.

Let w be generic. Then
findyH 4 ()

— ﬂ (0; —aj:j & o)+ (A0 — ).
(a,0)ES(inywl4)
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Corollary 2-4.

Let w be generic. Then

(1)
{fake exponents of H4(a) w.r.t. (—w,w)}
= U {fvelC": Av=qa,vj=a;(Vj &€ 0)}

(a,0)ES(inywly)

(2) If « is generic, then

{exponents of H () w.r.t. (—w,w)} =

{fake exponents of Hg(a) w.r.t. (—w,w)}

= U {fvelC": Av =a,vj =a;(Vj &€ 0)}
(a,0)ET (inywly)

This proves
rank H 5 (o) = §7 (inyI4) = vol(A),

when « is generic.
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Example.

10 0 1]
A=101 0 1| = [a1,a2,a3,a4].
00 —-11

Then I 4 = (0102 — 0304).
w := (0,0,0,1). Theninyg,lygq = (0304),

S(ianA) — {(*7 *, 0, *)9 (*7 *y K, 0)}

(1) wv: fake exp. of type (x, *, 0, *).
Then viaq + voas + v4a4 = .

Hence v = (a1 — a3, a2 — a3,0, a3).
(2) wv: fake exp. of type (x*,*,*,0).
Then vyay + voao + v3az = «.

Hence v = (a1, a3, —a3, 0).
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e A-hypergeometric series

e Notation.

For v € C", u € N", define [v], € C
by

8u(wv) — [v]uwv—u,
or [v]u = [Tu,>0 [Ini_o(vi — m).

For u € Z", define uy,u_ € N" by

u; (u; > 0)

mnw:{0@%<m,

0 (uz > O)

(u—); := { —u; (u; < 0).

L:=Kerz(A) ={u e Z" : Au = 0}.
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Lemma 3-1.

Let v € (C\ Z-¢)". Then

Qp 1= Z Olu ZVTU

u€EL v+ u]U+

is a formal sol. of H 4(Av).
(vi € Z<o (Vi) = [v + ulu, 7 0.)

Proposition 4-2.
Let w be generic.
Let v € (C'\ Z.o)"™ be a fake exp. of
H 5(Av) w.r.t. w.
Then ¢, is a solution,
v = V(1 + w-higher terms),
(i.e., [V]u_ Z0,w-u < 0= u=0.),

sO v is an exponent.
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Since findy H 4(Av) does not change
if we replace w by w’ with in,/I4 =
in.,1I 4, see

Py € ¥ - C[[C(w)*z]]a
where

in, I A = inyl
= {uezm: Melaz iula)

Let l1,... ,lp, € C(w) be a basis of
Z", where

C(w) = {w :in T4 = inylg}.
Then

C(w)ZCNl PD---PNI.
(13, ..., is the dual basis.)

So ¢y € ¥ - C[[azl* .. xin]],
and the series converges if

0 < |£Blj| < 1 for all j.
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e (Generic case.
Let w, o be generic so that

o{exp’s of Hy(ax) w.r.t. w}
— {fake exp’s of H4(a) w.r.t. w}

= {a\®9) : (a,0) € T(inwla)}-
oAll a(®9) are distinct.

eAny comp. of a(®:7) & Z -0,

where v = (%) is the fake exponent
with v; =a; (j € 0), Av = .
Proposition 3-3.

{Pv:v=0al®?) (a,0) € T(inwls)}
is a basis of a sol. space of H 4(«).

(rank H g(a) = #17 (ingl4) = degl 4 =
vol(A).)



37

e Negative support.

Want to consider ¢, when v has a
negative integer component.

For v € C", put

nsupp(v)
= {i € {1,2,...,n} :v; € Z-o},

called the negative support of v.

Ny
:= {u € L : nsupp(v + u) = nsupp(v) }.

Lemma 3-4.
u € Ny = [v+ u]y, # 0.
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e Log-free series.

Redefine
v
Dy 1= Z [V]u_ VT,

uE N, [’U + u]u+

(Two def’s of ¢, for v € (C \ Zo)"
coincide.)

v € C™ has minimal negative support

if nsupp(v) is minimal

among nsupp(v+ u) (v € L).

Proposition 3-5.
¢y is a formal sol. of H 4(Av)

< v has min. neg. support.
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(Pf. of =) Contraposition.

Suppose du € L s.t.

nsupp(v + u) C nsupp(v).
Then Y- (x%) # 0, for

otherwise 47 s.t.
u; < 0,v; € N,v; + u; € Z<o,
i.e., ¢ € nsupp(v + u) \ nsupp(v),

contradicting the assumption.

¢y doesn’t have a term of VT
by definition.

Hence the coef. of

PV U— — p(vtu)—uy

in (OY+ — 9%~ )¢y is not zero.

Hence ¢, isn’t a formal sol.



Theorem 3-6.
Let w be generic.

Let v be a fake exp. w.r.t. w of
H 4(Av) with min. neg. support.

Then
¢y is a sol. (v is an exp.)
¢, doesn’t contain a term with any

other fake exp.

Proof. @ Suppose v 4+ u is a fake exp.
s.t. VT appears in ¢, and w-u > O.

Then 8%+ (x¥T%) = 0, for

oY+ € inyI 4, and v + u is a fake exp.
So iz s.t.

u; >0, v, +u; € N, v; € Zo,

contradicting u € INy,.
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Theorem 3-7.

v is a fake exp. w.r.t. w
¢ : of Hy(a) with >
min. neg. support

is a basis of

log-free series sol’s of H 4()
in the direction of w '

Proof.
Let ¢ be a log-free series sol. of H 4 ()

s.t. ¢ = xY(1 4+ (w-higher terms)).
Then v is a fake exp.

Then, as before, v has to have min.
neg. supp.

Consider ¢ — ¢, and repeat the pro-
cess to get an expression of ¢ as a lin-
ear combination of ¢,’s.
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Example.
10 0 1]
A=101 0 1| = [a1,a2,a3,a4].
00 —-11

Then I 4 = (0102 — 0304).
w := (0,0,0,1). Theninyg,lygq = (0304),
S(inygI4) = {(*,*,0, %), (*,*,%,0)}.
Fake exp’s are

6(1) = (041 — a3, 2 — 3,0, ()43),

e?) := (a1, ag, —as, 0).

L=2(-1,-1,1,1).

Let u:=(—1,—1,1,1), and I € Z.
nsupp(e(®)) C nsupp(el®) + lu)
=1l € N.
(Look at the 3rd or 4th comp.)



e Generic case.
(g, —a; & Z(Vi # 3).)
Then
nsupp(e(i)) — nsupp(e(i) + lu)
<1l e N.

Pe(1)
o0 (1) l
_ ™ Z ([1‘;’ }(1,1,0,0) (w3$4>
i—o e +lul(o,0,1,1) \T122
Here
[6(1)](1,1,0,0)
= (a1 —ag) (a1 —ag—1+4+1)
X(ag —ag):+-(ag —az —1+1)
= (ag—ay)-++(ag—a1+1—1)
X(ag —ag)+(ag —azs+1—1)
= (a3 — aq)i(a3 — az);.




Similarly

e + lul(o,0,0,1) = (a3 + 1)l

Hence

® )

a1—xg3 _a2—0g3 (3

L3L4g
><F103'_‘11N13_'02708‘F1;
1T
= 2 P IR(L — y a1 — o+ By 2 — s )
12
Similarly
Pe(2)
— p%1,.,.,02_ —O3
— :131 :B2 $3
L3I

XF(—a, —az, —az + 1; ).
L1L2
= a7 “xy 2] T F(a, B, y; B4)
when a1 = —a,a = —3, a3 =1 — ~.

Set ©;1 = 2 = x3 = 1 to get classical sol’s.
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e Case a1 = 1,2 = avg = 2.

Then
el) = (-1,0,0,2)
e?) = (1,2, -2,0).

a ¢ NA. (o ¢ R>9A.) implies

e(l),e(z) have min. neg. supports.

nsupp(e!’) +lu) = nsupp(elV)) = {1}
& 1=0.

nsupp(e(z) + lu) = nsupp(e(z)) = {3}
< 1 =0,1.
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|
8
= |
(-1
8
= DN
o
/
e
S
&

[6(2)] (1,1,0,0 X3T4

D (2) = 6(2)(1 +
© [e(2) + ] (0,0,1,1) T1L2
Trax
= wlwgwgz(l I et
L1L2
L 2 —2 —1
= T1T5Tg3 ~ — 2w2m3 Tq.
Note that

F(—1,—2,—1;23™4) js not defined.

’wm

The 2nd and 3rd talks are taken from

Saito, Sturmfels, Takayama: Grobner
deformations of hypergeometric differ-
ential equations, Springer 2000.
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A-equivalence

Contents.

(1) Classifying A-hypergeometric sys-
tems Hj(a) w.r.t. D-isomorphisms
using finite sets F-(a).

(2) Examples: Getting used to E- ().

(3) Conditions in terms of E-(«).

The main reference is

Saito, Compositio Math. 128 (2001)
323—-338.
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e A-hypergeometric systems

A = (al, coe ,a,n) — (am) - Man(Z)

Assume rank(A) = d.

= (0" — 9V | Au = Av, u,v € N")
C Cld] = Clay,. .. ,n).
D=C{xq1,... yxp,01,... ,0n)

For a = *(axq, ... ,ad) c C?,

Hp (o) :== D/(D- IA"‘Z D(Z a;;0; —ay));
1—=1 ] 1

the A-hypergeometric system

with parameter a. 0; ==

Problem

Give conditions on A, «, o’
for I—IA(a) =~ HA(Oz,).

i95)
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e Finite Sets F (o)

A:={{ay,... ,an}.
RZOA = Z;’lzl RZOaj°

Assume R>gA to be strongly convex
for simplicity.

7: a face of R>pA

For a € C?%, define a (finite) set:

Er(ax):={Ae€ CANT)/Z(ANT)
:a—ANENA+ZANT) }.

Here

eN=1{0,1,2,...}

oC(ANT)=Z(ANT) = {0} when
T =4{0}.
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Example. A= (1).

Then R>pA = R>( has only two faces:
R>g, {0}-

¢ FR ,a(a) ={a mod Z}.

o E{O_}(a) = {0} or 0.

® Erpy(a) = {0} & a € N.

Remark.

Ry :=2z! - Cllz™:m e N" x Z7]]
is a D-module (I € C7),

where

CT:={ueC" :u;=0(a; €7)},
N :={u€N":u;=0(a; €7)}.
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Proposition 4-1. Al € E-(«)
& Homp(H(a), Ryy) # 0.

Proof. (<) Let

0# ¢ € Homp(H (), Ry ).
Then 0 # ¢(1) € R, ; has weight a.

So 3m € NT'x Z7 s.t. A(l +m) = .
Hence Al € E- ().
(=) Suppose Al € E-(a). Then
Im € NT'x Z7 s.t. A(l+m) = a.

Take v € L = Keryz(A) s.t.
[ + m + v has min. neg. supp. with

nsupp(l + m + v) C nsupp(l + m)
See m + v € NT° % Z7.

So we may assume | + m has min.
neg. supp. Then

0 # ¢r4m € Rr is a formal sol.
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e Classification
For o, o’ € Cd, define

a<a & Er(a) CE/(a) (V7).

~
¥
@
—h

o~ o & Er(a) = E-(d) (V7).

The previous proposition implies
I-IA(a) ~ HA(O/) = a ~ o.

Indeed we have

Theorem 4-2.
Hj(a) ~ Hy(d) © a~d.

In principle, all D-invariants

can be expressed in terms of E ().




e Some properties of F-(«)

Proposition 4-3.
(1) ERZOA(a) ={a mod ZA}.

ERr o a(a) = Er_,a(a)
< a—ao € ZA.

(2)
® Eqgy(a) = {0} or 0.
¢ Efgi(a) ={0} & a € NA.

(3) For faces 7 <X o,

3 a natural map: Er(a) — Eqs(x).
In particular,

Er(a) #0 = Es(a) # 0.

(4)
| Er ()]
<[(QANT))NZA:Z(ANT).



?5) For a facet o,
Es(a) #0 < Fy(a) € F5(NA).

Here F, : C% — C is the linear map
determined uniquely by the following
conditions:

(i) Fo(o) =0,
(ii) Fo(ZA) = Z,
(iii) Fy(R>pA) > 0.



e In terms of E-

ZA = {a : Eg_,a(a) = {0}}.

NA={a :0¢€ E;(a) (V1)}
={a : 0 € Egpr(a)}.

S:={a€ZA : Es(a) #0
(Vo : facets) }.

So:={a€ZA : 0 € Es(a)
(Vo : facets)}.

Then NAC S2 C S C R>9gAN ZA.
NA : scored & NA = S.

C[N A] satisfies (S2) <& NA = Ss.



R-yANZA is not, in general, a union
of A-equivalence classes.

Probably the simplicity is more im-
portant than normality in the theory.

Simplicity: All A-equivalence classes
are Zariski-dense.

111
A= (O 2 3) '
Then INA is not normal, but A sat-
isfies the simplicity condition.

Example.

R>0ANZ A is not a union of A-equivalence

classes.

The condition C[IN A] is Cohen-Macaulay

is also described by E; as shown in

Matusevich, Miller, Combinatorics of
rank jumps in simplicial hypergeomet-
ric systems.
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® (¢ 1S nonresonant.
@l Fo(a) € Z (Vo: facet).

& o+ Z A is one equivalence class.

® (¢ 1S seminonresonant.

© Fy(a) ¢ Fo(NA) (Vo facet).

& Er(a) =0  (V7: proper faces).

& [a] is the smallest equiv. class in

o+ ZA.

Remark. The above definition of
seminonresonance is different from the
usual one. The usual definition re-
quires Fy(a) € N instead of Fy(a) ¢

Fs(INA). But this notion is not in-
variant under A-equivalence.



Example

1111
A — (O 1 3 4> — (a’lva’29 (1,3, a’4)‘

{faces } = {R>0A,01,04,{0}}
o1 := R>pa1, 04:= R>pa4.
|[Er(a)] =0 or 1 (V7: faces).

Let o € ZA. Z A has 5 classes:

1. ERZOA(O‘) = {0},
Eq (a) = Eq () = E{O}(a) = 0.
2. Bg.o(c) = Eoy(a) = {0}.
Eq,(c) = Eggy(a) = 0.
3. ERZOA(O‘) = Eq () = {0}.
Eq, (o) = Eggy(a) = 0.
4. ERZOA(O() = Ea-l(a) — Ea-4(04) —
{O}. E{O}(a) — @
i.e., a = !(1,2).
S. ERZOA(a) = Eq (o) = Egy(a) =
Ery(a) = {0}, ie. a€ NA.



